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Introduction
Localized surface plasmon resonances (LSPRs), arising from the interaction of light with noble metal nanostructures, can be described as the collective oscillations of free conduction electrons [1] . It sensitively depends on the size and shape of nanostructures [2] [3] [4] and leads to a strong enhancement of local electromagnetic fields, which shows potential applications in super-resolution imaging [5] , single molecule detection [6] and light harvesting [7] . In the past decade, LSPRs in noble metal nanostructures have been combined with nonlinear optics that brings a new concept named "nonlinear plasmonics" [8] . Many nonlinear processes can be boosted based on the strong local-field enhancement, including Raman scattering [9, [23] [24] [25] [26] [27] . Most people are concerned about high SHG conversion efficiency in well-designed plasmonic nanostructures by resonance enhancement. However, SHG is limited by the non-centrosymmetry requirement of the material structure as the nature of even-order optical nonlinearity, leading to a rather weak SHG signal in centrosymmetric nanostructures even in the strong resonance condition [28, 29] . Furthermore, as recent work reported by Kauranen et al., the SHG responses are still very weak when the local-field distribution is centrosymmetric even though the nanoparticle geometry is non-centrosymmetric [18] . Therefore, the asymmetric local-field distribution plays an important role for a sufficient SHG in plasmonic nanostructures. The local-field distributions can be tailored by the nanostructures geometry, which leads to the variations of second-order nonlinear susceptibility [30] . Since the resonance enhancement effect is usually prominent, this relatively small contribution from the asymmetric local-field distribution is easily neglected or covered by the strong resonance enhancement factors [31, 32] . It is therefore a complicated and crucial question to distinguish the influence of the asymmetric local-field distributions from the resonance enhancement effect and make a compromise between these two effects, which is essential in optimizing the designs of nonlinear plasmonic nanoantennas and metasurfaces.
In this paper, we present a quantitative study on the contribution of asymmetric local-field to second-order nonlinear susceptibility χ (2) in cross-shaped Ag nanohole. By increasing one arm-length of the centrosymmetric cross-shaped Ag nanohole, the local-field distribution varies from centrosymmetric to non-centrosymmetric. At the same time, the associated LSPR peak is red-shifted to the wavelength of pumping laser, leading to a strong local-field enhancement effect that covers the contribution of asymmetric local-field. The experimental results show that the contribution of asymmetric local-field can be quantitatively extracted from the strong resonance enhancement effect by a white-light supercontinuum signal, which is supported by a theoretical calculation based on nonlinear scattering theory. The pure effective χ (2) is demonstrated to increase as the asymmetric degree of local-field distribution increases, and the largest effective χ (2) is ~2.5 times to that in a centrosymmetric local-field distribution. Our result quantitatively illustrates the importance of asymmetric local-field to χ (2) , which provides a new evidence for the nonlinear plasmonics design in metal nanostructures.
Experimental method
The high-quality silver (Ag) film of 200-nm thickness with a 3-nm thick Cr adhesion layer was deposited onto fused silica substrate by means of magnetron sputtering method. A 26 × 26 square-lattice array of cross-shaped nanoholes [33] was milled on the film by means of focused ion beam milling method (FIB, FEI Versa 3D), with a spatial periodicity of 400 nm and a total area of 10 × 10 μm 2 . The transmission spectra of Ag nanohole arrays were measured by a white light source with a linear film polarizer (Thorlabs, SLS201 and LPVIS050). The SHG properties of Ag nanohole arrays were studied by a conventional confocal microscope system at room temperature [34] . A femtosecond laser with a center wavelength at λ = 790 nm (Spectra Physics, Ti: sapphire laser, 76 MHz) was used as pumping source, and the nonlinear emission spectra were acquired by a spectrometer (Princeton Instruments, Acton 2500i with Pixis 400 CCD camera) in transmission geometry (see Appendix for details). Figure 1(a) shows the experimental scheme that the cross-shaped Ag nanohole arrays are placed in the xy plane under a normal incident laser pumping. Figure 1(b) depicts the corresponding geometrical parameters of a single nanohole with the arm-direction along xand y-axis. The length of a specific arm (bottom), l, is systematically increased from 55 nm to 115 nm (increased at 10 nm), while the other three arm-lengths, l 0 , are kept as a constant of 55 nm. Note that the arm-width, w, is equal to 50 nm for all samples. Figure 1(c) shows the scanning electron microscopy (SEM) images for four typical Ag nanohole arrays at l = 55 nm, 75 nm, 95 nm and 115 nm. By the increase of the bottom arm-length (l), the centrosymmetry of the cross-shaped nanoholes is broken and the asymmetric degree of the nanohole is increased. The non-centrosymmetry of the cross-shaped nanohole arrays can result in strongly anisotropic optical property, which is further characterized by the transmission spectra measurement. Figure 2 (a) presents the measured results of the nanohole array at l = 105 nm under x-(red curve) and y-polarized (black curve) illuminations. Obviously, the x-and ypolarized resonances peaks are located at 790 nm and 680 nm respectively, which can be separated well in spectra. Figure 2 (b) shows further simulation results for the same nanohole array by the finite-element solver COMSOL, which is in good agreement with the experimental data. Thus, it is confirmed that cross-shaped Ag nanoholes have strong optical anisotropy, implying rather different LSPR conditions under x-and y-polarized illuminations. The calculated local-field distributions (|E|) under the resonance conditions of x-and ypolarized illuminations are shown in Fig. 2(c) . The local-field distribution under x-polarized illumination is mainly concentrated in the arms along y-axis, and vice versa. It is therefore demonstrated that the local-field distribution is non-centrosymmetric under x-polarized illumination, while it is centrosymmetric under y-polarized illumination. The variation of local-field distributions can result in quite different second-order nonlinear responses even in the same sample.
Results and discussions
The contribution of local field distribution to second-order nonlinear susceptibility χ (2) is systematically researched by increasing the arm-length l gradually. Figures 3(a) and 3(b) present the measured transmission spectra with the increased arm-length l from 55 nm to 115 nm (increased at 10 nm) under x-and y-polarized illuminations, respectively. As shown in Fig. 3(a) , Fig. 1(c) ) under x-polarized illumination.
the LSPRs wavelength is remarkably red-shifted under x-polarized illumination as the armlength increases. However, Fig. 3(b) exhibits that spectra for all samples are approximately the same and no spectral shift can be observed under y-polarized illumination. Accordingly, the local-field distributions for all samples remain centrosymmetric due to the fixed arms along x-axis as shown in Fig. 2(c) . Figure 3 (c) presents the contour plot featuring calculated transmission spectra as functions of the arm-length l, indicating a good agreement with the experimental results. More importantly, the LSPR peak for the sample at l = 105 nm is spectrally overlapped with the wavelength of the pumping laser at 790 nm, resulting in a strong resonance enhancement effect. Meanwhile, Fig. 3(d) presents the calculated local-field distributions at l = 55 nm, 75 nm, 95 nm and 115 nm under x-polarized illuminations, indicating the significant variations from centrosymmetric to noncentrosymmetric. The increase of the asymmetric degree of local-field distributions is expected to result in a variation of the second-order nonlinear responses of the cross-shaped Ag nanoholes [18] . Figure 4 (a) presents measured emission spectra with the increased arm-length l from 55 nm to 115 nm (increased at 10 nm) under x-polarized laser pumping. Generally, it shows a narrowband emission at 395 nm that is exactly the half of the pumping wavelength. Furthermore, it shows quadratic dependency of the signal intensity on the pumping laser intensity, indicating that the signal is generated from a second-order nonlinear process (SHG). It is worth noting that the observed broadband emission is ascribed to white-light supercontinuum (WLC), which is extended to the detection limit in our experiment (~700 nm). And the WLC signal intensity is proved to be fourth-power of the incident light intensity experimentally (see Appendix for details). Since generated at the interface between the Ag nanoholes and the fused silica substrate [35] , the intensity of WLC provides information on the field enhancement at the interface and provides a method to deduct the strong resonance enhancement effect. Figure 4(b) shows the extracted spectra of the WLC signals by highorder polynomial-fitting from the experimental results in Fig. 4(a) . A relatively strong WLC signal is obtained when the LSPRs wavelength approaches to the pumping laser, which is ascribed to the strong local field enhancement. The pure SHG signals are acquired by deducting the fitting results of WLC signals (Fig. 4(b) ) from the nonlinear emission spectra (Fig. 4(a) ), as presented in Fig. 4(c) . The inset of Fig. 4(c) shows that the peak intensity of SHG signals varies as a function of the arm-length l, and the largest SHG signal is obtained at l = 105 nm which is in perfect resonance with the pumping laser. It indicates ~12.2 times enhancement of SHG intensity in comparison with that in the off-resonant condition at l = 55 nm. (2) as a function of the arm-length l according to the value of χ (2) at l = 55 nm.
Here the influence of resonance enhancement effect on SHG can be removed by the measured WLC signal. In consideration of a phenomenological field enhancement factor, L(ω), and an incident fundamental electric field, E(ω), the enhanced local field amplitude is written as: E loc (ω) = L(ω)E(ω). Since all samples are in off-resonance with the SH wavelength, the field enhancements by the SH plasmonic mode can be neglected and hence, L(2ω) = 1. In the experiment, the SHG and WLC signals were simultaneously measured, and then the intensities of the emitted SHG and WLC signals are obtained by the following formulas:
where χ (2) = χ(2) 0 + χ(2) asy. χ(2) 0 originates from the contribution of a few layers of surface atoms in the inner wall of the cross-shaped nanoholes [30,36,37], and χ(2) asy is from the asymmetric local field distribution. Field enhancement factor, L(ω), can be extracted from WLC signals and then the second-order susceptibility can be described by:
where I SHG are taken from the peak values of measured SHG spectra, and I WLC are experimentally estimated by the value at a specific wavelength (480 nm) as the approximate trapezoid-shaped distribution of the broad WLC spectra. The calculated effective values of χ (2) as a function of arm-length l are presented in Fig. 4(d) , which are normalized by the value of χ (2) at l = 55 nm. It clearly indicates that effective values of χ (2) increases as the growth of asymmetric degree of the cross-shaped nanoholes, which falls in line with the expectation as reported by Zhang's group [38] . In their work, the influence of the resonance enhancement effect is not effectively excluded in calculating second-order nonlinear susceptibility, resulting in the deviation from their expectation.
Since originating from a few layers of surface atoms in the inner wall of nanoholes, χ(2) 0 remains a constant under the same experiment condition. As a contrast, χ(2) asy, ascribed to the contribution of the asymmetric local-field distribution, varies as the increase of asymmetric degree of the cross-shaped nanoholes. For the centrosymmetric sample at l = 55 nm, χ(2) asy equals to 0 and thus χ (2) equals to χ(2) 0. Therefore, the normalized χ (2) in Fig. 4(d) represents χ(2) r = (χ(2) 0 + χ(2) asy)/χ(2) 0 = 1 + χ(2) asy/χ(2) 0. Then χ(2) asy = (χ(2) r -1)χ(2) 0. In this way, the contribution of asymmetric local field to χ (2) is quantitatively extracted in cross-shaped Ag nanoholes after deducting the strong resonance enhancement factor L(ω) and the intrinsic second-order nonlinear susceptibility χ(2) 0.
In order to verify the experiment results, the nonlinear responses of the cross-shaped Ag nanoholes were simulated using the finite-element solver COMSOL. In nonlinear scattering theory, the nonlinear emission is described by assuming a local nonlinear susceptibility tensor on the surface of the noble metal. Referred to the method described in [38] , the SH electric field is given by the following surface integral:
where E nl (2ω) is the nonlinear emission, χ nnn is the local nonlinear susceptibility, and E n (ω) and E n (2ω) are the linear fields of the fundamental mode and the mode at the second harmonic frequency normal to the surface of the nanostructure. The microscopic SH contributions, which are complex valued, add up from each region of the nanostructure, creating constructive or destructive interference in the far-field emission. The calculated fundamental mode and the SH mode are shown in Appendix Fig. 8 , and the eventual SH electric field intensity varied as the increased arm-length l is shown in Fig. 5(a) . The trend of SH intensity fits well with the experimental results as shown in Fig. 4(c) , and the largest enhancement factor of E(2ω) is 33.6 times at l = 105 nm, which is in perfect resonance with the excitation, compared to that of l = 55 nm. Next, we calculated the fundamental field enhancement factor, L(ω). The enhanced local field amplitude is written as:
, where E(ω) represents the incident fundamental electric field. Actually, in our calculation, E loc (ω) and E(ω) are the integrated values over the whole area containing Ag nanofilms. Normalized L(ω) varied as the increased arm-length l is shown in Fig. 5(b) . The effective second-order susceptibility χ (2) can be finally calculated based on the following formula:
Normalized χ (2) varied as the increased arm-length l is shown in Fig. 5(c) . It can be seen clearly that the largest χ (2) is not at the same location as the largest E(2ω) and L(ω). Instead, it is at about l = 95 nm which has the most asymmetrical local-field distribution as shown in Fig. 3(d) . When l is smaller than this value, the cross-shaped nanohole approaches to a centrosymmetric geometry and then has a symmetric local-field distribution leading to the small χ (2) . When l is larger than this value, because the local field tends to concentrate in the bottom arm (Fig. 3(d) and extreme case for l to be infinite), it also approaches to a symmetric local-field distribution and results in small χ (2) . Thus, the effective second-order nonlinear susceptibility increases as the asymmetric degree of local-field distribution increases. The largest effective second-order nonlinear susceptibility is ~2.5 times to that in a centrosymmetric local-field distribution. The contribution of asymmetric local field to χ (2) can be also quantitatively extracted using the aforementioned formula χ(2) asy = (χ(2) r -1)χ(2) 0. Generally, the experimental and simulated results reach a good agreement as l is smaller than 95 nm. Whereas, for l > 95 nm, it shows a deviation. This can be interpreted as the localfield distribution in the experiment is not so centrosymmetric as that in the simulation because the fabricated nanoholes have few defects. Then, the symmetry of the local-field distribution still decreases as the increase of the arm-length l at the latter part of the variation, which leads to the continuous increase of χ (2) in the experiment results.
Conclusions
In conclusion, the contribution of asymmetric local field to χ (2) in cross-shaped Ag nanohole is quantitatively extracted from the strong resonance enhancement effect. By increasing one arm-length of the centrosymmetric cross-shaped Ag nanohole, the local-field distribution varies from centrosymmetric to non-centrosymmetric. At the same time, the localized surface plasmon resonance peak is red-shifted to the wavelength of the pumping laser. The contribution of asymmetric local-field, χ(2) asy, is extracted by the calibration of the WLC signal, which is further supported by numerical simulation based on nonlinear scattering theory. χ (2) asy is demonstrated to increase as the asymmetric degree of local-field distribution increases and the largest effective χ (2) ( = χ(2) 0 + χ(2) asy) is ~2.5 times to that in a centrosymmetric local-field distribution. Hence, our results provide clear evidences both in understanding the origins of the enhanced SHG from the plasmonic nanostructures and tailoring the LSPs in the nonlinear plasmonic devices, nanoantennas and metasurfaces for a better performance. Before performing SH spectroscopy experiments we measured the transmission spectra of the Ag nanohole arrays under normal incidence using a linearly x-or y-polarized white light source ( Fig. 6(a) ). The white light was from a halogen bulb (Thorlabs, SLS201) and collimated using a polarizer (H3, Thorlabs, LPVIS050) and microscope objective (20×, Olympus, 0.40 NA) in front of the sample. The light after the sample was collected by another identical objective, and subsequently focused to a fiber with a lens and directed to a spectrometer (Princeton Instruments Acton 2500i with Pixis CCD camera). The detection area was selected by the illumination and detection apertures before and after the detecting and collecting objective. The transmission spectra were normalized with respect to the transmission through a bare fused silica substrate. The SHG experiment was carried out by a conventional confocal microscope system at room temperature, shown in Fig. 6(a) . Stage scanning confocal microscopy allows us to investigate the geometry-dependent nonlinear properties of metamaterials, while avoiding the challenges associated with changing the laser wavelength, such as differences in pulse shape, focal volume size or transmission. A mode-locked Ti-sapphire femtosecond laser system (Tsunami, Spectra-Physics, ~790 nm, 50 fs and 76 MHz) was used as the pumping source. The intensity of the pumping laser beam was adjusted by combining a half-wave plate (H1) and a polarizing beam splitter (S). In addition, the polarization direction of the pumping laser was controlled by another half-wave plate (H2). A microscope objective (40×, Olympus, 0.65 NA) focused the pumping laser onto the sample with a focal spot diameter of ~4 μm. The transmitted nonlinear signal originated from silver nanohole arrays was collected by another identical objective, and subsequently imported to a CCD or spectrometer (Princeton Instruments Acton 2500i with Pixis CCD camera). A 720-nm short-pass filter (SP) filtered out the pumping laser. The polarization-dependent SHG response of the nanohole arrays was measured by rotating the polarization direction of the pumping laser with H2. The polarization properties of the emitting SHG signal was analyzed by a Glan-laser polarizer (H4). Figure 6 (b) presents one of the nonlinear emission spectra of the cross-shaped nanohole arrays with a broad measurement range from 350 to 700 nm. The nonlinear emission spectrum shows a narrowband emission at the second harmonic of the pump wavelength 395 nm and a weak two-photon photoluminescence (TPPL) at 550 nm, as well as a broadband white-light supercontinuum (WLC) that extends to the limit of our detection window (~700 nm). The SHG and WLC signal intensities are proved to be second-and fourth-power of the incident light intensity from Figs. 6(c) and 6(d), respectively. Polarization-dependent measurements were performed to address the second-order nonlinear susceptibility tensor χ (2) properties. For the cross-shaped geometry, it reduces to C 1v when the substrate-air asymmetry is taken into account. The only in-plane nonzero tensor elements for those symmetries are χ(2) yyy, χ(2) yxx, χ(2) xyx and χ(2) xxy, where the first index represent the SHG polarization and the latter two indices represent the polarizations of the two incident fields [17] . In Fig. 7(a) , it presents measured SHG intensity at l = 95 nm as a function of the polarization angle of the pumping laser, where 0°represents x-polarized pumping. One can see clearly that the SHG intensity under x-polarized pumping is remarkably larger than that under y-polarized pumping. It can be attributed to the asymmetric local-field distributions, as well as the near-resonance enhancement effect for x-polarized pumping. For y-polarized pumping, the centrosymmetric local-field distribution with an off-resonance condition leads to a nearly vanished SHG efficiency. Furthermore, the polarization of SH emission under a fixed pumping polarization along x-axis, is investigated as shown in Fig. 7(b) . The results indicate that the y-polarized SHG intensity is 3.4 times larger than x-polarized one, illustrating the emitted SHG signals are mainly in y-polarization. Thus, the element, χ(2) yxx, plays a dominant role in our experiment.
Appendix

A1. The experiment details for the linear and nonlinear optical measurements
A2. Polarimetric analysis of the SHG signal in the cross-shaped nanohole
A3. Calculation of the nonlinear responses of the cross-shaped nanohole
The simulation method is introduced firstly. The linear response of each nanostructure was simulated using the finite-element solver COMSOL [39, 40] . A periodic boundary condition was used. The geometry, inferred from high-resolution SEM images, was discretized using an inhomogeneous mesh with the maximal element size being less than 10% of plasmonic wavelength. The dielectric constant of Ag was taken from Handbook of Optical constants of Solids [41] . A uniform dielectric environment of n = 1.44 was used to account for the substrate and 3 nm Cr layer without introducing numerical instabilities. The simulations were performed for normal incidence. Next, the reciprocity calculations [42] were performed by first exciting the nanostructure with a plane wave at the pump wavelength, then calculating the nonlinear polarization at every point on the nanostructure surface for the second harmonic. Another simulation was then performed by sending in a second wave from the detector at the emission wavelength, i.e. at the SH wavelength. Corresponding fundamental modes and SH modes of three featured nanoholes with l = 55 nm, l = 95 nm and l = 115 nm are shown in Fig. 8 . The overlap integral was then performed, thus calculating the eventual SH electric field intensity as shown in Fig. 5(a) of the main text. 
